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1 Introduction

Computer Aided Design (CAD) systems were originally used to replace a designers manual operations by automatic
processesimplementing the accepted engineering decisions: making design plots, issuing design documentation, au-
tomatic verification of input data and design results, etc. Today’s CAD systems perform paperless design of complex
engineering objects by representing them in a digital format.

Comparison of various technical solutions regarding an objects structure, parameters, operating principles and other
aspects is an essential step in any design process. Knowledge Based Engineering/Computer Aided Engineering systems
are indeed effective simulation instruments that help shorten the design cycle and reduce the amount of time-consuming
and costly full-scale experiments. Rapid progress in mathematical modeling and computer engineering has made it pos-
sible to investigate plenty of design alternatives with different object configurations and parameters, predict an objects
characteristics and find the best or most balanced solutions without any full-scale experiments. Therefore, mathematical
modeling which involves series of computational experiments for the investigation of analytical models of the object and
its environment has become one of the most common methods of analysis and optimization of an engineering objects
structure.

Traditionally, modeling is performed with the aid of mathematical models which are based on process physics and
describe physical processes and phenomena occurring in the course of an objects operation by complex partial differential
equations with boundary conditions, for which in most cases nothing is known either about the theorems of existence
or uniqueness of the solution or the dependence of the solution from the parameters or boundary conditions. These
equations are solved using complicated numerical methods that require significant computing resources and a lot of effort
for preparing input data and computational meshes. Thus models based on process physics have a limited scope of
application, especially at the early (conceptual) design phase where large numbers of various design alternatives have to
be considered and making the wrong choice can have far-reaching consequences.

Over the last few years, stronger emphasis has been placed on data-based mathematical models that use the results of
full-scale and computing experiments performed with various objects of the class under review, with very little knowledge
from the subject domain (process physics) involved in the modeling. In other words, the models are trained on a set of
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prototypes of input and output data [27] and actually simulate (replace) both the data sources based on an initial model
and the models created as a result of process physics investigation, so such adaptive models are sometimes referred to also
as meta models (models over models) [28] or surrogate models [17].

The paper will address various aspects of the construction and application of surrogate models in CAD systems,
outlines basic data analysis and simulation tasks essential for surrogate model construction, reviews the current state of
the art and proposes innovative approaches based on inductive data analysis and simulation technologies.

2 Constructing and Using a Surrogate Model

The methods and techniques used for constructing data-based surrogate models leverage on the synergy of the subject
domain methods and general science disciplines, such as mathematics, artificial intelligence, data analysis and information
technologies, and are to a large extent invariant to the specifics of the subject domain [19, 21, 22, 17, 28].

Let us consider a formal problem statement. We assume thatB = {b} is a set of objects of the class at hand, where each
objectb ∈ B is provided with a numerical descriptionX = X(b) of n dimension. Let us denote byX = X(b), b ∈ B
a subset fromn-dimension Euclidean spaceRn consisting of numerical descriptions of the objects from the class under
review.

Let Z = Z(b) be a numerical (or vectorial in a general case) characteristic of objectb which describes the property
(behavior) of the object under some conditions.Z can be presented as a functional dependenceZ = F (X, Y ) where the
variableX = X(b) describes the object and the variableY describes the object’s operating conditions (object control
parameters, environment parameters) and belongs to a set of variousY values.

For example, aerodynamic characteristics of an aircraft (coefficients of force, moments, drag, pressure distribution)
in cruise flight conditions are a function dependent on the shape of the aircraft surface (X) and flight regime and control
parameters (Y ), for example, velocity, Reynolds number, angle of attack, slip angle, horizontal tail setting, etc.

The values ofZ = F (X, Y ) function can be calculated using various methods, including computation and full-scale
experiments. LetM be a method (model) for obtainingZ characteristic, then the resultFM (X, Y ) of computingZ
characteristic for objectX under conditionsY is an approximate value of an unknown functionF (X,Y ):

FM (X, Y ) ≈ F (X, Y ) (1)

We assume having a number ofZ measurements

Σ = Σ(M) = {(Xi, Yi, Zi = FM (Xi, Yi)) , i = 1, . . . , N(M)} (2)

obtained using model M for the values of arguments from the setW = {(Xi, Yi) , i = 1, 2, . . . , N} ⊂ X × Y. It is
assumed that modelM has an acceptable accuracy, i.e. condition (1) is fulfilled. The setΣ (2) consists of known values
of the functionFM (X, Y ) which are used to construct the approximationFSM (X, Y ) = FSM (X,Y |Σ) for the function
FM (X, Y ). If FSM (X,Y ) function based onΣ provides good approximation ofFM (X, Y ) function inX×Y variation
range:

FSM (X,Y ) ≈ FM (X, Y ), (3)

thenFSM (X, Y ) function finds a new model,SM , which can be regarded as a surrogate forM model.

As a rule,FSM (X,Y ) function has an explicit analytical form, so the surrogate model can offer a much higher
computational efficiency as compared to the initial modelM . For example, the application of surrogate models based on
CFD-modeling results to aerodynamic calculations increased the computation speed by more than 350 000 times [3, 7, 8].

What are the key problems encountered in surrogate model design and operation?

2.1. The most obvious problem isProblem 1: constructing an approximating function based on data.Closely in-
terrelated with the first problem isProblem 2: evaluating the accuracy of the resulting surrogate model.In mathemat-
ical terms, the problem is about estimating various functionals from error valueδ(X,Y ) = ρ (FSM (X, Y )− FM (X, Y ))
for some error measureρ(·), for example, identifying confidence intervals forFM (X, Y ).

2.2.The following problem arises from the object description dimensionn being very high in real cases. For example,
detailed descriptions of geometrical objects, such as curves or surfaces, are presented in a general case as a set of 2D
or 3D coordinates of the object surface points lying in the selected nodes of the geometrical object. Other points are
usually reconstructed using splines, for instance, Bezier curves, Bezier splines, Bezier surfaces, B-splines (Base-splines,
including Non-Uniform Rational B-splines, NURBS), and so on. Such detailed descriptions of curves and surfaces are
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used in CAD systems, computer graphics and other applications. These numerical object descriptions, for example,
3D aircraft surface descriptions, include tens of thousands of numbers, each of which has no meaning if considered
in isolation. High dimensionality of the numerical object description makes it very hard to approximate the functions
dependent on high-dimension vectors.

However, in applications the setX lies, at least approximately, on some manifoldGm ⊂ Rn which is non-linear in
a general case and has a dimensionm which is smaller as compared ton. Thus the approximation problem should be
solved in the vicinity ofGm manifold only.

There is another important reason for findingGm manifold: computational experiments aimed at obtainingΣ learning
dataset require generating input data(X, Y ), with X numerical descriptions generated in the vicinity ofGm manifold.
It is particularly important to stay close toGm manifold when generating new objects in the process of optimization.
Thus, two interrelated problems should be solved while constructing surrogate models, namelyProblem 3: constructing
a manifold of smaller dimension that approximates data(in mathematical terms, the problem amounts to dimension
reduction problem), andProblem 4: Generating multidimensional vectors near the smaller-dimension data-based
approximating manifold.

2.3. The constructed surrogate modelFSM (X,Y |Σ) which can be regarded as an approximation of the “true”
F (X, Y ) function by virtue of (1) and (3) is dependent both on the initial modelM and the learning datasetΣ.

Let us assume that some surrogate model,FSM (X, Y ), is already available for some initial modelM which is an
approximation of the ”true” functionF (X,Y ). We shall consider another initial model,M∗ , which is also an approxima-
tion of the same ”true” functionF (X, Y ). To construct the surrogate modelFSM∗(X, Y ), one should have the results of
the experimentsΣ(M∗) (2) conducted with the aid ofM∗ model. In cases where experiments withM∗ model are much
more expensive compared toM model (for example, full-scale wind tunnel experiments versus CFD-code calculations),
another problem arises.Problem 5: constructing the predictionF ∗SM (X, Y ) = Φ((X, Y ), FSM (X,Y )|Σ(M, M∗)) of
values for the modelFSM∗(X, Y ) for the specified input values(X, Y ) based on the known valueFSM (X,Y ) and the
results of the experimentsΣ(M, M∗) = {((Xi, Yi), FM (Xi, Yi), FM∗(Xi, Yi)) , i = 1, 2, . . . , N(M,M∗)} performed
usingM andM∗ models on the same input dataset. Effective solution of Problem 5 makes it possible to significantly
reduce the number of experimentsN(M, M∗) with the modelM∗ compared to the number of experiments that should be
performed to attain the same level of accuracy without using the valueFSM (X,Y ).

2.4. The nature of models based on data (prototypes) is such that their efficient performance can be guaranteed only
for those new input data that are similar to the data (prototypes)Σ(M) the model was built on. Thus for any new set of
prototypes, the model should either be built anew or re-built by solving the statistical problem in which the values of one
model are predicted from the values of the other model.

There are no efficient universal solution procedures for most of the problems considered here, therefore surrogate
models can be constructed by experts in a subject domain and data analysis who are familiar with various mathematical
methods and understand how the data structure can affect the quality of a procedure. A skilled expert can “manually” select
or construct an effective particular data analysis procedure using various techniques, including comparative computational
experiments. The final surrogate model is constructed through step-by-step interrelated solution of particular data analysis
problems accompanied by a series of comparative computational experiments.

Software tools capable of automatically creating statistical procedures (procedure generators) are seen as an essen-
tial element enabling direct application of surrogate models in the design process. These tools use data arrays (learning
datasets) as an input and generate software modules implementing various data processing procedures (dimension re-
duction, approximation, etc.) as an output. The procedure generators are built upon cognitive data handling techniques
and simulate a mathematician’s operations by conducting goal-directed computational experiments with various embed-
ded data analysis procedures and synthesizing the most effective procedure for handling a specified dataset. Hence the
following problem statement can be formulated.Problem 6: creating program Automatic Generator of Statistical
Procedures, AGSP, which automatically generate software modules implementing basic statistical procedures based on
the specified learning dataset.

Let us examine possible solutions for the above problems in more details on the examples of Problem 1 (approxima-
tion) and Problem 6 (AGSP creating).
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3 Constructing Approximating Dependences

The mathematical problem in which the approximating dependencey = fN (x) is built upon a set of known values

ΣN = {(xi, yi = f(xi)) , i = 1, 2, . . . , N} (4)

of the unknown functiony = f(x), x ∈ Rp, y ∈ Rq, that minimizes the approximation root-mean-square error

ε (fn,ΣN ) =

√√√√ 1
N

N∑

i=1

‖fN (xi)− f(xi)‖22 (5)

is a classical problem in the theory of functions and mathematical statistics.

The problem stated in such terms has no meaning, because one can always create the approximating functionfN (for
example, a vector polynomial) for which the error (5) is equal to zero. Therefore, the statement of the problem should
be adjusted by introducing new assumptions, including an assumption about the probabilistic structure of the dataset
elements (4) (mathematical expectation of the approximation root-mean-square error is taken as the optimization quality
criterion in this case (5)), or by searching for the approximating function in the parametric class of functions (dictionary)

H = {fN (x, θ), θ ∈ Θ} , (6)

having the specified analytical form parameterized by the parameterθ ∈ Θ which is usually finite-dimensional. In the
latter case, the error (5) is the function of the parameterθ and the approximation problem is limited to minimizing its error
(5) θ ∈ Θ. An additional term, for example an approximating function gradient module, is sometimes introduced into the
error (5) as a “penalty” for using “exotic” approximators (regularization term).

Assumptions about the probabilistic nature of data and, more importantly, about the explicit form of the probabilistic
distribution laws can not be varified in many applications, although a strict problem solution can be found for a narrow
class of laws. Therefore, this paper will focus on the construction of the approximating dependence in the selected
parametric class of procedures (6).

Accurate and complete results are available only in the class ofHL procedures that are linear in terms ofHL parameter
and have the approximating function of the form:

fN (x, θ) = θ × h(x), (7)

whereθ is a matrix of dimensionq × k andh(x) is thek-dimensional vector-function of vectorx:

h(x) = (h1(x), h2(x), . . . , hk(x))T . (8)

From this point on, the vectors will be written as vector-columns andT symbol will denote transposition. ThusHL class
is defined by the selectedk number andh(x) vector-function. The best approximator capable of minimizing the error
ε (fN ,ΣN ) (5) with θ ∈ Θ is obtained by a standard least-square procedure. Using the function equal to1 identically and
the components ofx vector as components ofh(x) vector (8) results in common linear regression approximation [27].
The use of some regularization procedures results in ridge regression, lasso regression, etc. [27]. The selection ofHL

approximator class is justified ifh(x) vector is a segment of a series of the Fourier expansion of an unknown functionf(x)
in some orthonormalized basis and the numberk (length of the basis segment under review) has a reasonable dimension of
no more than one hundred numbers and provides sufficient accuracy of approximation of the functionf(x) by the selected
basis segment. The drawback of this approach is that one should know a priori what basis is the best choice that provides
fairly accurate approximation of the functions by their Fourier partial sum consisting of a large number of terms. In the
surrogate model construction tasks, such bases are usually unknown, whereas linear or quadratic approximation, in which
h(x) vector components incorporate various pairwise products of vector components, cannot ensure good accuracy.

Various spline approximation methods are effective for functions with fairly small dimensionality of arguments only,
because in the opposite case the set of arguments

XN = {xi, i = 1, 2, . . . , N} (9)

with known values of the approximating function is very sparse and lacks a regular structure essential for splines. Majority
of spline approximations for multivariate functions use the tensor products spaces which depend essentially on the chosen
coordinate systems. This dependence may results the big approximation errors [26].
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Therefore two classes of non-linear approximation procedures are usually considered: local approximation procedures
based on multidimensional non-parametric regression [26], kernel ridge regression (kriging) [24], Support Vector Regres-
sion [15], etc.; global approximation procedures built using Artificial Neural Networks (ANN) [16, 27], Radial Basic
Functions (RBF) [27], etc.

These procedures are sometimes applied to residuals produced by linear proceduresHL.

In local approximation methods,h(x) vector depends on the setXN (9) and in a general case has the form (8) with
components of the type

hj(x) = ψ (‖x− xj‖) , j = 1, 2, . . . , N (10)

whereψ is the selected kernel function. The application of vector-functions of the type (8), (10) can lead to the solution of
regression problems of high dimension, with the size of the learning setN reaching several tens or hundreds of thousands.
However the functionψ is usually selected from among the functions having a finite support or rapidly decreasing in the
infinity. In this case, most of the components of the vectorh(x) (8) is either equal to or so close to zero that they can be
discarded. For that reason, the approximation of the value of the functionf(x) in the given pointx involves only those
data(xi, yi = f(xi)) from the setΣN whosexi argument values lie in the vicinityU(x) of pointx.

The most common choice is local approximation methods based on kernel regression or construction of a non-
parametric regression function with estimations of Parzen-Rosenblatt type. The kernel ridge regression procedure is
also interpreted as a kriging problem in which the error of the previously constructed linear or quadratic regression ap-
proximation is regarded as an realization of a Gaussian stationary process and appropriate estimations are made for this
approximation problem (Martin (2005)).

However, local methods have several weak points from the perspective of their application in surrogate modelling.
The surrogate model (7) constructed using global methods is dependent on the learning datasetΣN (4) only through
pre-calculated coefficientsθ, and thus have a high computational efficiency.

Local approximation procedures do not actually generate in advance a computational surrogate model in an efficient
way but implement the procedures in which the approximating dependence is constructed in full and anew for each new
point for which the prediction should be done. The only operation that can be performed beforehand is converting the set
ΣN (9) into a such data structure that facilitates the vicinity construction.

Global approximation methods sometimes also useh(x) vectors (8) dependent on the setXN (9), but these functions
are constructed beforehand.

In the procedures based on radial basis functions, a fixed numberk of p-dimensional vectorsc1, c2, . . . , ck is selected,
and the componentsh(x) of vectors have the formhj(x) = ψ (‖x− cj‖) , j = 1, 2, . . . , k, whereψ is a kernel function.
The vectorsc1, c2, . . . , ck are usually selected as centers of the clusters that the datasetXN (9) is splitted into.

In the procedures built on basis of artificial neural networks the componentshj(x) of the vector-functionh(x) have
the form:

hj(x) = hj(x, η) = σ
(
(η × x)(j)

)
, j = 1, 2, . . . , k (11)

whereσ is the pre-selected sigmoid function, for example, a hyperbolic tangent or a hyperbolic cosine,η is a matrix of
sizek × p and(b)(j) denotes thej-th component ofb vector. It is assumed in (11) that all the vectors in the learning
datasetXN (9) were pre-centered and pre-normalized.

There is theoretical evidence that the set of functions of the type (7), (11) form an everywhere dense set within the
space of continuous functions on compact.

It follows from the Kolmogorov theorem [18, 16] that any continuous functionF (x1, x2, . . . , xp) defined on a com-
pact can be uniformly approximated with any degree of accuracy over the entire definition range using the functions of
the type

∑
i [θi × σ (ηi1 × x1 + ηi2 × x2 + . . . + ηip × xp + ηi)] . Thus ANN can be regarded as universal approxima-

tors and the construction of an ANN-based surrogate model is reduced to selecting the sigmoid functionσ, the dimension
k of the vectorh(x) and the matrices(θ, η).

Since ANN-based models have a large number of parameters to be optimized (θ andη matrix elements) and this
number is usually too high, the approximation task cannot be formulated as minimization of the root-mean-square error
(5): efficient selection of parameters can reduce the error (5) to almost zero but cannot guarantee good quality of approx-
imation. Thus the ANN ”reproduces” the noise and there can be no certainty that it reproduces the essential regularities -
an effect referred to network overtraining (or overfitting).

Therefore, an ANN-based model should be constructed using supervised learning procedures and cross-validation
with random partitioning of the datasetΣN (4) into two non-overlapping datasets: a learning datasetΣP−train consisting
of P elements and the testing datasetΣ(N−P )−test composed of(N − P ) elements. Formulas (5) are used to calculate
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the errorsε (fN , ΣP−train) andε
(
fN , Σ(N−P )−test

)
. ε (fN , ΣP−train) error is minimized overθ andη matrices with

the aid of the iterative error back propagation algorithm. The minimization process ends whenε
(
fN ,Σ(N−P )−test

)
error

calculated on the testing dataset starts to grow.

The procedures described below helps to eliminate several important drawbacks specific to artificial neural networks:
inefficiency of back propagation procedure; the results of ANN training depends significantly on the partitioning of the
dataset into the training and testing datasets and the parameter initialization; choice of the initial point for the minimization
process (errors can vary by1.5 to 2 times); only a part of data is used in training process (ε (fN , ΣP−train) minimization).

Regression based feedforward neural network (RFNN) procedure[9]. If η matrix is fixed, the minimization on
matrix θ can be performed using explicit analytical formulas implementing the least-square regression procedure in the
linear problem (7) withhj(x, η) regressors (11). RFNN procedure uses ridge regression with adaptive regularization for
solving a linear sub-problem (7). Computational experiments carried out for real cases showed that the approximation
error for RFNN procedure is on the average twice smaller compared to a common ANN, with the training time shortened
by 3 to 4 times.

Procedures using network ensembles.The procedures based on network ensembles are constructed for various data
partitioning and different parameter initializations and ensure additional twofold reduction of the surrogate model’s error.

Neural Approximation based on Regression and Boosting (NARB) procedure [13]. NARB procedure incorporates the
two procedures presented above plus the boosting (gradient leveraging) procedure [25, 27].

Computational experiments performed for real cases showed that the approximation error of the NARB procedure is
on the average: three times smaller compared to a common ANN, more than twice smaller compared to local kriging
procedures, and over 10 times smaller compared to linear regression procedures, local multidimensional non-parametric
regression procedures and support vector regression procedures.

4 Construction of an Automatic Generator of Statistical Procedures

Solutions of Problems 1-5 are based on various analytical procedures of intellectual data analysis and processing which
include [6]: determining the internal dimension of the dataset and creating dimension reduction procedures [2, 5]; con-
structing multidimensional approximating dependences [9]; data clustering and classification; analysis of model accuracy
[1]; predicting the values of one model based on the value of another model; modeling (simulation) of multidimensional
data, etc.

As was mentioned above, the application of these procedures in surrogate model construction involves a number of
specific features to the formal problem statements that distinguish them from classical problem definitions. The distinction
stems from both the peculiarities of the subject domain and the requirements to address several interrelated data analysis
tasks at a time, in which the output of one specific problem is used as an input for another problem, and objective functions
cannot be specified individually for each particular problem.

A data analysis procedure (dimension reduction, approximation, etc.) which is created manually and is efficient for
a specified set of prototypes implements step-by-step interrelated solution of several specific problems. The creation
of this compound procedure involves task-oriented computational experiments and analysis of the results. Therefore,
theAutomatic Generator of Statistical Proceduresfor data analysis should simulate a mathematician’s operations by
conducting task-oriented computational experiments with various embedded data analysis procedures and constructing
the most effective procedure for handling the data similar to the specified set of prototypes. To put it otherwise, the
automatically constructed procedures are adapted to the specified set of prototypes.

Input data for the Automatic Generator of Statistical Procedures include the specified set of prototypes and formalized
requirements to the quality of the data analysis procedure to be generated.

The requirements to the automatic generation of the dimension reduction procedure may include: the bound specified
for the mean reconstruction error, or the bound for the quantile of the empirical distribution function constructed based
on the errors of reconstruction of the elements from the specified set; the specified bound for the mean ”functional”
reconstruction error, i.e. the difference in the values of the specified function calculated for initial and reconstructed
vectors from the dataset. This function should be implemented as a software module, for example, a library, with a
specified interface, and should be treated as a “black box”; procedure quality criterion, for example, the minimum value
of the compressed vector dimension.
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The output of the Automatic Generator of Statistical Procedures is a software module implementing the required
intellectual data analysis procedure constructed in automatic mode based on the given data. This software module can be
used as an external library when designing a new application.

In the example of the Automatic Generator of Statistical Procedures considered here, the “black box” is implanted as
an external library into the created software module.

Other external libraries used in the module include standard statistical procedures, such as the principal component
construction procedure, and newly created intellectual data analysis procedures, for example, Neural Approximation based
on Regression and Boosting procedure [13]. Task-oriented procedures available in the subject domain that are constructed
and software-implemented with due regard for the physical aspects of the data (for example, specific parametric models
used in the dimension reduction task [14] can also be used as external libraries.

The methods and algorithms implemented in the Automatic Generator of Statistical Procedures are built upon cog-
nitive technologies of intellectual data analysis and modeling. The core of this technology is the use of a manifold
of synthesized data encompassing the knowledge, data and requirements of the subject domain. The construction and
use of data manifolds is based on well-known topological methods of the theory of manifolds, for example, Grassmann
manifolds in pursuit projection tasks and mathematical techniques created recently, such as orthogonal design manifolds
described above. For example, these manifolds are used in cascade dimension reduction procedures [10] implemented in
the automatic generator of dimension reduction procedures.

To date, automatic procedure generators capable of automatically creating software modules implementing a relevant
statistical procedure based on the given data have been designed for many intellectual data analysis tasks, including
approximation, dimension reduction, accuracy evaluation, data fusion, multidimensional vectors modeling, etc.

Automatically constructed data analysis procedures were compared with similar procedures created manually using
off-the-shelf statistical packages (MATLAB, STATISTICA, etc). Multiple computational experiments show better quality
of the automatically generated procedures as compared to the procedures created manually.
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